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P a r t I
Constraint Programming 

with Multisets



M otiv a tion
� Symmetry often occurs in many problem

� Configuration

� S c h e d ul ing

� A s s ignm e nt

� R outing 

� . . .  
� Dealing efficiently and effectively with symmetry is a 
challange

� S o metimes symmetry is inherently p resent in the p ro b lem
� S o metimes mo delling intro du ces u nnecessary symmetry



Template Design Problem
� Prob002 in CSPLib
� C at fo o d lab els to  b e 
p rinted o n temp lates

� S everal designs 
( tu na,  chick en,  … )  
o n each temp late

� A s s ig n d e s ig ns  t o 
e a c h  p rint ing  
t e m p l a t e



M od el 1  
� V a ria bl e s

� Th e re  are  a fix e d  num b e r of s l ots  on e ac h  te m p l ate  ( s ) ,  and  of te m p l ate s  ( t)
� t* s variab les,  S ij

� Th e  d e s ign as s igne d  to s l ot i on te m p l ate  j
� Sy m m e t ry !
� S lo ts within a temp late are essentially indistingu sihab le

� S l ots  of a te m p l ate  c an b e  p e rm ute d
� T emp lates are essentially indistingu sihab le

� Tw o te m p l ate s  c an b e  p e rm ute d



M od el 2  
� V ariab les

� Ti ( one  for e v e ry  te m p l ate )

� Multiset o f  d esig n s a ssig n ed  to  tem p la te T i

� A multiset is a set with repetitions

� M={{ 0,1,1,2,2,3}}
� M ultiset as the d esig ns on a template are of ten repeated
� S y mmetry  b etween slots on a template is eliminated
� S till sy mmetry !

� T e m p l a t e s  a r e  e s s e n t i a l l y  i n d i s t i n g u s i h a b l e

� W e  c a n  o r d e r  m u l t i s e t s  t o  b r e a k  t h i s  s y m m e t r y



Overview Of the Talk
� Discuss how to represent multiset variables
� C ompare the representations
� S ug g est primitive and  g lobal constraints on 
multiset variables

� I ntrod uce multiset ord ering  
� D isc uss how to enf orc e this as a c onstraint

� C onclud ing  R emark s



Representing Multisets
� Bounds Representation
� Generalises the bounds representation of set variables 
by  Gervet

� F or eac h m ultiset variable M,  k eep
g reatest low er bound ( g lb) and least upper bound ( lub)

� C om pac t but c annot represent all form s of disj unc tion

� M i s  e i t h e r  { { 0 } }  o r  { { 1 } }

� g l b ( M) = { {  } } ,  l u b ( M) = { { 0 , 1 } }  

� B u t  { {  } }  a n d  { { 0 , 1 } }  a r e  a l s o  i n  t h e  d o m a i n



Representing Multisets
� O c c urrenc e Representation
� Generalises the c harac teristic  func tion of set variables
� E ac h m ultiset variable M is represented by  a vec tor m
m1 ,  m2 ,  . . . ,  md
mi =  # o c c u r r e n c e s ( i , M)

� C om pac t but c annot represent all form s of disj unc tion

� M i s  e i t h e r  { { 0 } }  o r  { { 1 } }

� m0 in 0..1, m1 in 0..1

� But {{ }} and {{0,1}} are in the domain



Representing Multisets
� Fixed Cardinality
� Multisets of fixed cardinality are common

� temp l ate des ig n p rob l em:  ev ery  temp l ate has  a f ix ed numb er 
of  s l ots  f or des ig ns  on eac h temp l ate

� E ach  multiset v ariab le M is rep resented b y a v ector M
M1 ,  M2 ,  . . . ,  Mk
Mi rep res ents  an el ement of  mul tis et M
k =  c ardinal ity  of  mul tis et

� R ememb er Model 1  of temp late desig n p rob lem!
� N eed to p ost ( more)  comp lex constraints to ov ercome 
symmetry

� Compact but cannot represent all forms of disjunction



Comparing Representations 
� O ne representation is as expressive th an anoth er

� it can represent the same sets of multiset values
� O ne representation is m o re expressive th an anoth er

� it is as ex pressive 

� there is one set of multiset values that it can represent that the 
other cannot



� F or set v ariables

� B ound s and  occurrence representations are as ex pressive as each other
� F or multiset v ariables

� O ccurrence representation is more ex pressive than the b ound s

� M takes either {{ }} or {{0,0}}

� m0 in  {0,2 }

� g l b ( M) = {{ }}, l u b ( M) = {{0,0}} w hic h p erm its M to take {{0}}

� F ix ed  card inality  is incomparab le to b oth the b ound s and  the occurrence representations

Comparing Representations 



M u l tiset Constraints
� P rimitiv e Constraints

� M  =  N

� M     N

� M     N

� M     N

� M  - N

� x      M  

� | M |

⊂

∈

I

U

� Global Constraints

� disjoint([M1 , . . . , Mn ] )

� Mi    Mj= { {  } }  f or  a l l  i   j

� p a r tition([M1, . . . , Mn ] , M)
� Mi    Mj= { {  } }  f or  a l l  i   j

� M . . .   Mn =  M
� distinc t([M1 , . . . , Mn ] )

� Mi    Mj f or  a l l  i   j

≠I

I ≠

UU

≠≠



Global Constraints
� D oe s d e c om p osition h u rt?
� GA C on alldifferent[X 1,...,Xn] → AC on Xi       Xj f or  a l l  i   j
� S u r p r i s i ng l y  t h e r e  a r e  g l ob a l  c ons t r a i nt s  w h e r e  
d e c om p i s i t i on d oe s  not  h u r t

� G A C  o n  d i s j o i n t ( [ M 1,...,M n])   ↔ A C o n  t h e  d e c o m p o s i t i o n

� G A C  o n  p a r t i t i o n ( [ M 1,...,M n],M )   ↔ A C o n  t h e  d e c o m p o s i t i o n

≠≠



Ordering Multisets
� F or  b r e a k i ng  s y m m e t r y  b e t w e e n m u l t i s e t s

� M o d e l  2  o f  t e m p l a t e  d e s i g n  p r o b l e m

� Each template is a multiset

� Templates ar e essen tially  in d istin g usihab le

� W e can  b r eak  sy mmetr y  b y  impo sin g

� F or  b r e a k i ng  r ow  a nd  c ol u m n s y m m e t r i e s  i n m a t r i x  m od e l s

� T r e a t  e a c h  r o w  a s  a  m u l t i s e t

� I n s i s t  t h a t  r o w s , w h e n  v i e w e d  a s  m u l t i s e t s , a r e  o r d e r e d

� W a i t  f o r  t h e  s e c o n d  h a l f  o f  m y  t a l k  ☺

T1≤m T2  ≤m T 3  ≤m T4



What is Multiset Ordering?
� Fixed cardinality multisets
� M  <m N  if f
� x=max(M), y=max(N)
� x< y O R  (x=y  A ND   M-{ { x} }  < m N-{ { y} }  )

R1 = [ 1 , 2 , 3 , 2 , 3 , 1 , 1 , 2 ]  { { 1 , 1 , 1 , 2 , 2 , 2 , 3 , 3 } }
R2 = [ 1 , 1 , 3 , 1 , 3 , 1 , 1 , 3 ]  { { 1 , 1 , 1 , 1 , 1 , 3 , 3 , 3 } }

R1 <m R2



C o nc luding R em ark s
� Man y c o n s t r ai n t  s o l v e r s  s u p p o r t  s e t s
� B u t  v e r y f e w  (i f  an y) c u r r e n t  s o l v e r s  s u p p o r t  mu l t i s e t s
� Man y p r o b l e ms  c an  n at u r al l y b e  mo d e l l e d  u s i n g  mu l t i s e t s
� Mu l t i s e t  v ar i ab l e s  c an  h e l p  p r e v e n t  i n t r o d u c i n g  s ymme t r y 
i n t o  a mo d e l



P art I I
Symmetry-B rea k i n g  C o n s tra i n ts  

f o r M a tri x  M o d el s

P art I I



Mo tiv atio n
� R o w  an d  c o l u mn  s ymme t r i e s  o f  an  n X m mat r i x mo d e l

� Rows and columns can be permuted

� S uper-ex ponenti al number of  sy mmmetri es ( n !  X  m ! )
� Eliminating all symmetries is not easy

� S y mmetry  break i ng  meth ods h av e to deal wi th  v ery  larg e number of
sy mmetri es

� T h e ef f ort req ui red could easi ly  be ex ponenti al
� C h allange:  H ow  c an w e red u c e signif ic ant amou nt of  
symmetries w ith  only a p olynomial ef f ort?



Previous Work
� C onstrain th e row s and  c olu mns to b e lex ic ograp h ic ally 
ord ered  ( d ou b le-lex )

� 0 ( n)  sy mmetry -break i ng  constrai nts

� L i sten to my  talk  tomorrow ☺
� A  su b set of  f u ll S B D S  f u nc tions

� Row transposi ti ons,  column transposi ti ons,  all combi nati ons of  a
row transposi ti on and a column transposi ti on

� 0(n4 )  S B D S  f u nc t i o ns
� A d d ing symmetry-b reak ing c onstraints +  ru nning S B D S

� C onstrai n th e rows to be ordered by  th ei r sums ( row-sum)  

� O ( n2 )  column transposi ti ons ( col-trans)



A d va n t a g es

� Many symmetries are eliminated
� T h e ef f o rt is p o lyno mial
� P rac tic al f o r larg e matric es



Outline of Rest of Talk

� Symmetry Breaking Constraints
� E x p erimental  Comp arison
� D isc u ssions



Col-le x  +  r ow -s u m

� A ll symmetry b ro k en if  alldifferent(S1 ,  S2,  S3,  S4)
� Symmetries remain if  ¬alldifferent(S1 ,  S2,  S3,  S4)

≤ lex

∑
∑= S1
∑= S2
∑= S3
∑= S4

S1≤ S2≤ S3≤ S4



Col-le x  +  r ow -s u m ( +  r ow -le x )

� S1 = S2 = S3 = S4 :  do u b le-lex
� alldifferent(S1 ,  S2,  S3,  S4):  all symmetry b ro k en
� C o mb ines do u b le-lex  and ro w -su m

∑= S1
∑= S2
∑= S3
∑= S4

≤ lex

∑
∑= S1
∑= S2
∑= S3
∑= S4

S1 = S2 S1 ≤ l e x S2

S3 = S4 S3 ≤ l e x S4

S1≤ S2≤ S3≤ S4



Col-le x  +  r ow -s u m ( +  r ow -le x )
� N o t all symmetries are eliminated

� Stro ng er th an c o l-lex +ro w -su m

≤ l e x

≤ l e x

0 0 1
11 0

0 1 1

0 0 1
10 1

1 1 0

s y m m et r i c∑ ∑

≤ l e x

0 0 1
10 0

1 0 1
∑

≤ lex
0 0 1

10 0
1 1 0

∑

≤ lex

s y m m et r i c ≤ l e x



Row s as M ultisets
� T reat eac h  ro w  as a mu ltiset rep resented b y f ix ed 
c ardinality rep resentatin

� I nsist th at ro w s,  w h en v iew ed as mu ltisets,  are 
o rdered

� R ep lac e ro w -su m o rdering  c o nstraints b y mu ltiset 
o rdering  c o nstraints



Col-le x  +  r ow -m u lt i s e t
M1
M2
M3
M4

≤ l e x

≤m

≤ l e x

0 1 2 3
30 3

1 2 3

s y m m e t r i c≤m
≤m

≤ l e x

3
3

0 1 2
21 3

0 3 3

3
3
3

� Stronger than c ol -l ex +row -s u m

� E q u i v al ent to c ol -l ex +row -s u m  f or 0 / 1  v ari ab l es

M1≤m M2≤mM3≤m M4



Col-le x  +  r ow -m u lt i s e t ( +  r ow -le x )
≤ l e x

≤m

≤ l e x

0 1 2 3
33 3

0 3 3

s y m m e t r i c≤m
≤m

≤ l e x

0
3

0 1 2
30 3

3 3 3

3
3
0

� Stronger than c ol -l ex +row -m u l ti s et

M1
M2
M3
M4

M1
M2
M3
M4

M1 = M2 M1 ≤ l e x M2

M3 = M4 M3 ≤ l e x M4

M1≤m M2≤mM3≤m M4



M u lt i s e t  O r d e r i n g  on  t h e  R ow s
� Given
A= [ a 1 , . . . , a n] 
B= [ b 1 , . . . , b n]

A ≤m B ↔
( na1 +  . . .  +  nan) ≤ ( nb1 +  . . .  +  nbn)
� BC ( ≤) ↔ GAC ( ≤m)
� F ea s ib l e f o r  s m a l l  n 



M u lt i s e t  O r d e r i n g  on  t h e  R ow s
� Rows are seen as multisets represented by fixed cardinality
� G iv en 

A=[ a1, . . . , an] 
B=[ b1, . . . , bn]
tak ing  v alues from { 1 , . . . d}

� C onstruct occurrence representation v ia Reg in’ s gcc 
M=[ m1, . . . , md]   
N=[ n1 , . . . , nd]
wh ere mi= o ccu r r e n ce s ( i, A) and ni= o ccu r r e n ce s ( i, B) 

� A ≤m B ↔ M ≤ l e x N
� G AC ( ≤m) →  G AC ( gcc) / \ G AC ( ≤ l e x )



Experimental Evaluation
� W e ig nore any constraints on th e matrix
� W e specify 

� th e siz e of th e matrix

� domain siz e
� W e want to find a set of matrices satisfying  th e symmetry-break ing  

constraints
� W e ev aluate th e tech niq ues wrt # matrices returned
� Results:

� Col-le x  + r ow -s u m >  d ou b le -le x

� Col-le x  + r ow -s u m ( + r ow -le x )  > d ou b le -le x

� Col-le x  + r ow -s u m ( + r ow -le x )  > c ol-le x  + r ow -s u m

� Col-le x  + r ow -s u m ( + r ow -le x )  X c ol-le x +r ow -m u lt i s e t

� Col-le x  + r ow -m u lt i s e t ( + r ow -le x )  s e e m s  t o b e  t h e  b e s t



Experimental Evaluation ( C ont’ d )
� Compared to a subset of full SBSD functions:

� Col-le x  +  r ow -m u lt i s e t ( +  r ow -le x )  X  
Colu m n  t r a n s ,  r ow  t r a n s ,  c om b i n a t i on  of  a  r ow  a n d  a  
c olu m n  t r a n s  

� W h ich  one to prefer?

� O ( n 4 )  S B D S  f u n c t i on s

� E f f i c i e n t  i m p le m e n t a t i on  of  m u lt i s e t  or d e r i n g

� Arithmetic constraint is expensive

� C hannel l ing  to occu rrences of  val u es



Discussions
� A ccording  to our ex periments:

� Col-le x  +  r ow -m u lt i s e t ( +  r ow -le x )  
� Same results are obtained by  posing  

r ow -m u lt i s e t ( + r ow -le x )  a n d  t h e n  r u n n i n g  S B D S  on  t h e  c olu m n s  
� W h ich  one to prefer?

� S B D S  s u i t s  t o a n y  s e a r c h  t r e e

� E f f i c i e n t  i m p le m e n t a t i on  of  le x i c og r a p h i c  or d e r i n g  c on s t r a i n t

� G AC ( ≤lex )  is O ( n)



Discussions
� T h e ex periments omit any  problem constraints
� T h e effectiv eness of th e meth ods are problem 
constraints dependent

� R ow -s u m  c on s t r a i n t s  ( e . g .  B I B D )

� C ol -l ex +  row -su m = col -l ex

� C ol -l ex +  row -su m( +  row -l ex)  =� d ou b l e-l ex

� O c c u r r e n c e  c on s t r a i n t s  ( e . g .  S p or t s  S c h e d u li n g ,  g olf e r s )

� C ol -l ex +  row -mu l tiset = col -l ex

� C ol -l ex +  row -mu l tiset( +  row -l ex)  =� d ou b l e-l ex



Work in Progress
� T est th e meth ods on realistic problems

� M or e  r e li a b le  c om p a r i s on
� I nv estig ate h ow  problem constraints and sy mmetry -
break ing  constraints interact

� E v a lu a t e  t h e  s y m m e t r y -b r e a k i n g  c on s t r a i n t s  f r om  i n f e r e n c e  
p oi n t  of  v i e w

� E fficient implementation of multiset ordering  

� I s  c h a n n e lli n g  i n t o oc c u r r e n c e  r e p r e s e n t a t i on  a  g ood  i d e a ?
� Study  th e effect of sy mmetry -break ing  constraints 
from a structural v iew point

� L i s t e n  t o M i c h e la  M i la n o ☺


