


Motivation
� W h at is a matrix  model?
� W h at are row and c olumn symmetries?
� W h y b oth er?



W h at is  a Matr ix  Mod e l ?
� Constraint program that contains (one or 
more)  matrices of  d ecision v ariab l es.  

� B enef its
� E f f ectiv e representation of  a prob l em
� E f f icient sol v ing of  the mod el
� Captu res common mod el l ing patterns



E x am p l e :  S p or ts  S c h e d u l ing

� Each <w , p >  co r r e s p o n d s  t o  t he  m at ch p l ay e d  o n  p e r i o d  p  o f  w e e k  w

0 v s 72 v s 72 v s 60 v s 41 v s 63 v s 54 v s 5Period 3
0 v s 5

1 v s 4
3 v s 7
W eek  5

3 v s 4

0 v s 6
1 v s 5
W eek  6

1 v s 31 v s 22 v s 54 v s 66 v s 7Period 4

5 v s 65 v s 70 v s 31 v s 72 v s 3Period 2
2 v s 4 3 v s 64 v s 70 v s 20 v s 1Period 1
W eek  7W eek  4W eek  3W eek  2W eek  1

� G i v e n  n w e e k s  an d  n/ 2  p e r i o d s  f o r  e v e r y  w e e k

� schedule  a match for every week and period.



Diversity of Matrix Models
� M a n y  p rob l em s  in  div ers e dom a in s  c a n  n a t u ra l l y  b e 

m odel l ed a n d ef f ec t iv el y  s ol v ed u s in g  m a t rix  m odel s
� C om b in a t oria l  p rob l em s

� B I B D s ,  m a g ic  s q u a res ,  p roj ec t iv e p l a n es ,  …
� D es ig n

� R a c k  c on f ig u ra t ion ,  t em p l a t e a n d s l a b  des ig n ,  …
� S c h edu l in g

� C l a s s room ,  s oc ia l  g ol f er,  s p ort s  s c h edu l in g ,  …
� A s s ig n m en t

� W a reh ou s e l oc a t ion ,  p rog res s iv e p a rt y ,  …
� ...



� I n  a  C S P  

� Symmetry involves the variables, the values, or both

� M ap s eac h searc h state ( p artial assig nment, solution, f ailure etc )  
into an eq uivalent one.

� I n  a  m a t r i x  m o d e l

� R ow s and / or c olumns c an rep resent obj ec ts w hic h are 
ind isting uishable and  are theref ore symmetric .

� W e  c a n  p e r m u t e  a n y  t w o  r o w s  o r  c o l u m n s  
( o r  b o t h ) .

What are Row and Column Symmetries?



E x amp le:  Sp orts Sc heduling

P eriod  3
P eriod  4

P eriod 2
P eriod  1

0  v s 72 v s 72 v s 60  v s 41 v s 63 v s 54 v s 5
0  v s 5

1 v s 4
3 v s 7
W eek  5

3 v s 4

0  v s 6
1 v s 5
W eek  6

1 v s 31 v s 22 v s 54 v s 66 v s 7

5 v s 65 v s 70  v s 31 v s 72 v s 3
2 v s 4 3 v s 64 v s 70  v s 20  v s 1
W eek  7W eek  4W eek  3W eek  2W eek  1

� Weeks are indistinguishable

� P erio ds are indistinguishable



0  v s 72 v s 72 v s 60  v s 41 v s 63 v s 54 v s 5P eriod  3
0  v s 5

1 v s 4
3 v s 7
W eek  5

3 v s 4

0  v s 6
1 v s 5
W eek  6

1 v s 31 v s 22 v s 54 v s 66 v s 7P eriod  4

5 v s 65 v s 70  v s 31 v s 72 v s 3P eriod 2
2 v s 4 3 v s 64 v s 70  v s 20  v s 1P eriod  1
W eek  7W eek  4W eek  3W eek  2W eek  1

E x amp le:  Sp orts Sc heduling

� Weeks are indistinguishable

� P erio ds are indistinguishable



0  v s 72 v s 72 v s 60  v s 41 v s 63 v s 54 v s 5P eriod  3
0  v s 5

1 v s 4
3 v s 7
W eek  5

3 v s 4

0  v s 6
1 v s 5
W eek  6

1 v s 31 v s 22 v s 54 v s 66 v s 7P eriod  4

5 v s 65 v s 70  v s 31 v s 72 v s 3P eriod 2
2 v s 4 3 v s 64 v s 70  v s 20  v s 1P eriod  1
W eek  7W eek  4W eek  3W eek  2W eek  1

E x amp le:  Sp orts Sc heduling

� Weeks are indistinguishable

� P erio ds are indistinguishable



0  v s 72 v s 72 v s 6 0  v s 41 v s 6 3 v s 54 v s 5P eriod  3
0  v s 5

1 v s 4
3 v s 7

W eek  5

3 v s 4

0  v s 6
1 v s 5
W eek  6

1 v s 31 v s 22 v s 5 4 v s 66 v s 7P eriod  4

5 v s 65 v s 70  v s 3 1 v s 72 v s 3P eriod 2
2 v s 4 3 v s 64 v s 7 0  v s 20  v s 1P eriod  1
W eek  7W eek  4W eek  3W eek  2W eek  1

E x amp le:  Sp orts Sc heduling

� Weeks are indistinguishable

� P erio ds are indistinguishable



0  v s 72 v s 72 v s 6 0  v s 41 v s 6 3 v s 54 v s 5P eriod  3
0  v s 5

1 v s 4
3 v s 7

W eek  5

3 v s 4

0  v s 6
1 v s 5
W eek  6

1 v s 31 v s 22 v s 5 4 v s 66 v s 7P eriod  4

5 v s 65 v s 70  v s 3 1 v s 72 v s 3P eriod 2
2 v s 4 3 v s 64 v s 7 0  v s 20  v s 1P eriod  1
W eek  7W eek  4W eek  3W eek  2W eek  1

E x amp le:  Sp orts Sc heduling

� Weeks are indistinguishable

� P erio ds are indistinguishable



Why Bother?
� F o r  nxm m a t r i x  w i t h  r o w  a n d  c o l u m  s y m m e t r y
� t h e r e  a r e  n! * m! s y m m e t r i e s  ( s u p e r -e x p o n e n t i n a l )

� I t  c a n  b e  v e r y  e x p e n s i v e  t o  s e a r c h  s y m m e t r i c  a n d  f a i l e d  
b r a n c h e s  o f  t h e  s e a r c h  t r e e

� E l i m i n a t i n g  a l l  s y m m e t r i e s  i s  n o t  e a s y

� E x ac t method s have to d eal w ith very larg e number of  symmetries

� The effort required could easily be exponential
� Can we reduce many of the symmetries in a simplier way?



Our Contribution 
� I dentify an important class of symmetries that occur 
freq uently in CS P s

� A  m atrix of decision v ariables in w hich row  and/ or colum ns can be 
sw apped.

� S how how simple constraints can b e added to such matrix  
models to b reak  these symmetries

� E x tend our results to deal with

� m atrices w ith m ore than 2  dim ensions

� partial sym m etries ( ie,  strict subsets of the row s/ colum ns are 
sym m etric)

� sym m etric v alues ( e. g .  team s in S ports S cheduling )



Ov e rv ie w  of  R e s t of  T a l k

� B reak ing  R ow and/ or Column S ymmetries
� E x tensions
� E ffectiv eness v ia E x perimental R esults
� B reak ing  A ll S ymmetries
� Conclusions and F uture W ork



Breaking Row (Column) Symmetry
� L ex icog raphic O rdering  ( used to order dictionaries)

[ A , B , C ]  ≤  lex [ D , E , F ]

� A < D   or

� ( A = D   and B < E  )  or

� ( A = D   and B = E   and C < F )  or 

� ( A = D   and B = E   and C = F )



� L ex icog raphic ordering  is total
� F orcing  the rows to b e lex icog raphically ordered  
b reak s all row symmetry

Breaking Row (Column) Symmetry

IHG
FED
CBA

[A B C] ≤ lex [D  E  F ] ≤ lex [G H I] [G H I] ≤ lex [D  E  F ] ≤ lex [A  B  C ]

l e x i c o g r a p h i c  o r d e r i n g a n t i -l e x i c o g r a p h i c  o r d e r i n g



Breaking Row and Column Symmetries

� Breaking both row  and  c ol u m n s y m m etries is  
d if f ic u l t

� R ow s  and  c ol u m ns  inters ec t
� A f ter c ons training the row s  to be 
l ex ic ograp hic al l y  ord ered
� we d i s t i n g u i s h t h e c o l u m n s
� t h e c o l u m n s  a r e n o t  s y m m et r i c  a n y m o r e!



Good News ☺
� A symmetry class is an equivalence class of assignments 

� two assignments are equivalent if there is a symmetry mapping one 
assignment into the other

� Each symmetry class of assignments has at least one element 
w here b oth the row s and  the colu mns are lex icograp hically 
ord ered

� B ut there may b e no element with rows lex  ord ered  and  c olumns 
anti-lex  ord ered

� T o b reak  row  and  colu mn symmetries,  w e can insist that the row s 
and  colu mns are b oth lex icograp hically ord ered  ( d ou b le-lex )



Bad news �
� A  symmetry class of assignments may hav e more than one

element w here b oth the row s and  the colu mns are 
lex icograp hically ord ered

� D ou b le-lex d oes not b reak  all row  and  colu mn symmetries

01

01

10

01

10

10

swap the c olumns
swap row 1 and  row 3



� B I B D  prob lem < 7 ,  7 ,  3 ,  3 ,  1>

0
0

0 0 0
0 0 0

0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0

0 0 0 0

1 1 1
1 1 1

1 1 1
11 1

1 1 1
111

111

B loc k 1

B loc k 7

O b j 1 O b j 7
∑ =  3

H o w E f f ec t i v e i s D o u b l e-l ex ?

∑ =  3
∑ =  3

∑ =  3.   .   .

�
�

�



BI BD

� E x ample:  < 7 ,  7 ,  3 ,  3 ,  1>

0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0

0 0 0 0

0 0 0 01 1 1
1 1 1

1 1 1
11 1

1 1 1
111

0 0 0 0111

B loc k 1

B loc k 7

O b j 1 O b j 7



BI BD

� E x ample:  < 7 ,  7 ,  3 ,  3 ,  1>

0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0

0 0 0 0

0 0 0 01 1 1
1 1 1

1 1 1
11 1

1 1 1
111

0 0 0 0111

B loc k 1

B loc k 7

O b j 1 O b j 7



BI BD

� E x ample:  < 7 ,  7 ,  3 ,  3 ,  1>

0
0

0 0 0
0 0 0

0 0 0 0
0 0 0 0

0 0 0 0
0 0 0 0

0 0 0 0

1 1 1
1 1 1

1 1 1
11 1

1 1 1
111

111

B loc k 1

B loc k 7

O b j 1 O b j 7



BI BD

� E x ample:  < 7 ,  7 ,  3 ,  3 ,  1>

0
0 0
0 0

0 0 0
0 0 0 0

0 0 0
0 0 0

0 0

1 1 1
1 1
1 1

1
1 1

0
0

0
0

1
1
1

11

0

0

0

0

1

1

1
111

B loc k 1

B loc k 7

O b j 1 O b j 7



E x p er i m ent al  R esu l t s
� Double-lex  r ed uc es  t h e t ot a l n um ber  of  s olut i on s  f r om  t h e 
or d er s  of  m i lli on s t o t h e or d er s  of  t en s

� Double-lex  br ea k s  m uc h  m or e s y m m et r y  t h a n

� imposing lexicographic ordering constraints only on the rows

� imposing lexicographic ordering constraints only on the colu mns

� setting the f irst row and colu mn



Extensions I: Higher Dimensions
� G iv en an n-dimensional matrix,  at any dimension exhib iting symmetry,  

insist that the slices are lexicographically ordered

...≤ lex ≤ lex



Extensions II: P a rtia l  S y mmetry
� W hen strict su b sets of  the rows/ colu mns are indistingu ishab le
� I mpose lexicographic ordering constraints only on the rows/ colu mns of  

the su b sets

≤lex ≤ lex
≤ lex



Extensions III: V a l u e S y mmetry
� T h e v a lues  a r e i n d i s t i n g ui s h a ble
� V a lues  of  v a r i a bles  c a n  f r eely  be p er m ut ed
� E x a m p le

� V ertex C olou ring

� Variables: Vertices

� Valu es: C o lo u rs

� A ssig n  a co lo u r to  ev ery  v ertex  su ch  th at n eig h bo u rin g  v ertices 
are assig n ed  d if f eren t co lo u rs 

sy m m etric



X           Y         Z
{ 1 , 2 }     { 2 , 3 }     { 3 }         

X       Y         Z
V1

V2

V3

in d istin g u sih able v alu es in d istin g u sih able ro w s

∑= 1 ∑= 1
V1 ≤ l e x V2 ≤ l e x V3

Extensions III: Value Symmetry

0 . . 1      0          0        
0 . . 1     0 . . 1       0       
0       0 . . 1       1        

∑= 1



Breaking All Symmetries
� It is possible to break all symmetry when

� all values in the matrix are distinct

� E x ample applic ation?  M ag ic  sq u ares?

7        8         1 
6        2         3
4 5 9  

≤≤≤≤

≤≤≤≤

larg est elem en t



Breaking All Symmetries
� It is possible to break all symmetry when

� every row of a 0/1 matrix must have a single 1
� M any P roblems

� Slab  d esign,  rac k  d esign,  . . .

∑ =  1
∑ =  1
∑ =  1
∑ =  1

≤ lex

≤ lex

∑

S1≤ S2≤ …≤ Sn

∑=S � ∑=S �



≤ lex

≤ lex

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 0 1 0
0 0 0 1 0 0

≤ lex

≤ lex

0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 0
0 0 0 1 0 0

symmetric

Why?

• T he 1 in the next row must oc c ur either d irec tly b elow or one c olumn to the left
• T he only freed om is how many c onsec utive rows have 1s in the same c olumn
• W e b reak  this symmetry b y c onstraining the c olumns to b e ord ered  b y their sums



B r e a k i n g  A l l  S ym m e t r i e s
� It is possible to break all symmetry when

� every row sum is d ifferent,  b ut we d o not k now the sums

� O rd ering  row su ms breaks all row symmetry

� T he c olumns are still ind istinguishab le
� L ex ic og raphic  ord ering  c olu mns then breaks all the symmetries

∑= S1
∑= S2
∑= S3
∑= S4

alldifferent ( [ S1 , S2 , S3 , S4 ] )

≤ lex

∑S1 <  S2 <  S3 <  S4



C o n c l u s i o n s
� Many CSPs can be naturally modelled by multi-
dimensional matrices of  decision v ariables.

� R ow  and column symmetries are v ery common in 
matrix models.

� A n nxm matrix w ith  row  and column symmetries 
exh ibits sup er-exp onential number of  symmetries

� B reak ing  all such  symmetries is dif f icult 

� No one has an ef f ec t i v e w ay  of  d eal i ng  w i t h al l  r ow  and  
c ol u m n sy m m et r i es



� Constraining  both  th e row s and columns to be 
lexicog rap h ically ordered break s considerable amount 
of  symmetries,  if  not all

� Posing  lexicog rap h ic ordering  constraint

� G A C  on ≤ lex is O ( n)

� “ G l ob al  C onst r ai nt s f or  L ex i c og r ap hi c  O r d er i ng s”
b y  I an M i g u el  on T hu r sd ay !  

Conclusions (cont’d)



� R esults can be extended cop e w ith  

� sy m m et r i es i n hi g her  d i m ensi ons

� p ar t i al  sy m m et r i es

� sy m m et r i c  v al u es
� I t is sometimes p ossible to break  all row  and column 
symmetries

Conclusions (cont’d)



F utur e  W or k
� After imposing double-lex ,  h ow  ma ny  
sy mmetries rema in?

� I s it w orth  try ing to brea k  th e rema ining 
sy mmetries?

� C a n w e dev ise D V O s to w ork  w ell w ith  
( double-) lex ?

� W h a t oth er orderings c a n w e impose?


